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® Parametric equation in a Hilbert space U,

]:(u,f) =

u € U the state to recover and ¢ € P C R? an unknown parameter.
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® Parametric equation in a Hilbert space U,
f(’“’? E) = 0’

u € U the state to recover and ¢ € P C R? an unknown parameter.

Observations

of m continuous linear measurements
li(u), - lm(u),, ie. w= Pyu
with W := span{Ry¢; } 7",
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® Parametric equation in a Hilbert space U,
f(u7 E) = 0’

u € U the state to recover and ¢ € P C R? an unknown parameter.

Observations + Prior knowledge
of m continuous linear measurements on the solution manifold
li(u), - lm(u),, ie. w= Pyu M = {u(&) : £ € P} based
with W := span{Ry¢; } 7", model reduction
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® Parametric equation in a Hilbert space U,

f(u7 5) = 0’

u € U the state to recover and ¢ € P C R? an unknown parameter.

Observations + Prior knowledge
of m continuous linear measurements on the solution manifold
li(u), - lm(u),, ie. w= Pyu M = {u(&) : £ € P} based
with W := span{Ry¢; } 7", model reduction
{
Compute a recovery A(w) ~ u i b W=
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One space problem
Linear MOR
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One space: formulation

® Approximate M by a linear subspace V/,

dist(V, M) <, dim(V) =n
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One space: formulation

® Approximate M by a linear subspace V/,

rized PDEs

L)\ruuuw multi-space Para

dist(V, M) <, dim(V) =n

® Parameterized-Background Data-Weak (PBDW) [1]:

Ay (w) :==v"4+n*, 0" = argnéi‘r}HPW(u—v)H, n* = Py (u—v")
v
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One space
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One space: formulation

® Approximate M by a linear subspace V/,
dist(V, M) <, dim(V) =n

® Parameterized-Background Data-Weak (PBDW) [1]:

Ay (w) :==v"4+n*, 0" = argnéi‘r}HPW(u—v)H, n* = Py (u—v")
v

® Sharp error bound [2]: ||lu — Ay (w)| < pw(V,W)e

VW) = B W)TL BVW) = inf sup
PV W)= BV.W)T, - BVIW) = o sup ]

240 Pl bharac =

- el li-bargb T
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One space: Geometry

w+ Wt

w 1474
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One space: Pros and cons

Pros
® Online efficiency O(n?).
® No need to know e.

e Optimal (worst case sens)
when M is a cylinder
centered in V' [2].
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One space: Pros and cons

Pros Cons
® Online efficiency O(n?). ® Requires n < m.
® No need to know ¢. ® Trade-off between ¢ and u(V, W).
e Optimal (worst case sens) ® Limited by the Kolmogorov
when M is a cylinder m-width of M,

centered in V' [2].
£ > dp(M).
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Multi-space problem
Library-based MOR
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Multi-space: library-based MOR

® Consider a library of spaces E,]y ={V1,---,Vn}

N
dist( U Vk,M> <&, dim(Vi) <n<m.
k=1
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Multi-space: library-based MOR

e Consider a library of spaces LY := {V,---,Vy}
N
dist( U Vk,M) <&, dim(Vi) <n<m.
k=1

® New benchmark: non-linear Kolmogorov (n, N)-width [3]

dp(M,N):= inf sup min min |u—v],
HLN=N yeM VeL) veV

which is expected to decay much faster than

dp(M) = inf maxmin|u— v
dim(V)=nueM veV
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Multi-space: library-based MOR

e Consider a library of spaces LY := {V,---,Vy}
N
dist( U Vk,M) <&, dim(Vi) <n<m.
k=1

® New benchmark: non-linear Kolmogorov (n, N)-width [3]

dp(M,N):= inf sup min min |u—v],
HLN=N yeM VeL) veV

which is expected to decay much faster than

dp(M) = inf maxmin|u— v
dim(V)=nueM veV
® Aim for low € with a low n, thus better stability. [ MMbama  gp=-
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Multi-space: How ?

Each space V € LY gives a one-space esimtate Ay (w)...
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Multi-space: How ?

Each space V € LY gives a one-space esimtate Ay (w)...

vl o it "D
ER | i!' | AL )
"L B ulll |l Iy M 1.-:.,'-.[ ! How to select V*

W Wik !'*Il Ty among this library ?
e e
W Ao | T .Ii:'-'.'L [

a0 W harcac ==

"= wf U-bardbk
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Multi-space: Selection

|dea [4]: select the "closest” to M
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Multi-space: Selection

|dea [4]: select the "closest” to M

® Assume we have S such that for any v € U,

¢ dist(v, M) < S(v, M) < C dist(v, M)
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Multi-space: Selection

|dea [4]: select the "closest” to M

® Assume we have S such that for any v € U,
¢ dist(v, M) < S(v, M) < C dist(v, M)
® Select V* as

V* € argmin S(Ay(w), M).
vecLl
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Multi-space: Selection

Proposition (Near optimal selection [4])
Assuming that Py is injective on M and that (M, W) < co

Ju = A ()] < 25u(M, W) gin [l Ax)]

(M, W) reflects how well M and W are aligned.
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Dictionary-based multi-space
Dictionary-based MOR
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Dictionary multi-space: Library

¢ Dictionary of K vectors (or snapshots),

Dy = {oM, .. oK)}

E-:f-_. Il Larcac H’_

T’ U-loardbi

Alexandre PASCO (ECN) Dic-based MOR for state estimation



Context One space

Iti-space

Dictionary multi-space
0@000

‘ - ot ‘T‘uud PDEs "rrw‘u\ Crn lusion
Dictionary multi-space: Library

¢ Dictionary of K vectors (or snapshots),

Dy = (o, 08}
® Take as library fo = Ln(Dk),

K
Ly (Dk) := {Zwkv(k) C(zp) B e RE Jzlo < m},
k=1

Alexandre PASCO (ECN)
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Dictionary multi-space: Library

L (Dk) is large — low ¢ but not fully explorable.

Alexandre PASCO (ECN) Dic-based MOR for state estimation 18/04/2023



Context One space Multi-space Dictionary multi-space Parameterized PDEs Numerical Conclusion
fe 5 0000 fe o

Dictionary multi-space: Selection

® Consider the LASSO,, problem

x"(a) € argmln—HCX w3 + alixlh,
x€RK

with a > 0, C := ((w®,v)) € R™*K and w := ((w®, u)) € R™.
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Dictionary multi-space: Selection

® Consider the LASSO,, problem

x"(a) € argmln—HCX w3 + alixlh,
x€RK

with a > 0, C := ((w®,v)) € R™*K and w := ((w®, u)) € R™.
® Use LARS,, to solve LASSO,, and generate the recoveries
(Va)azao, Vy := span{v®¥ : x*(a); # 0}.

with the associated recoveries A, (w) := Ay, (w)

E-:f- . Il harcac H’--

= Twf U-tardb

Alexandre PASCO (ECN) Dic-based MOR for state estimation 18/04/2023



Dictionary multi-space
00000

Dictionary multi-space: Selection

® Consider the LASSO,, problem

x"(a) € argmln—HCX w3 + alixlh,
x€RK

with a > 0, C := ((w®,v))) € R™*K and w := ((w®, u)) € R™.
® Use LARS,, to solve LASSO,,, and generate the recoveries
(Ve Vo i= spn{ol® - x*(a); # 0}
with the associated recoveries A, (w) := Ay, (w)

® Use S to select g among this smaller family.
E-:f- . Il harcac H’--
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Dictionary multi-space: Selection

Proposition (Near optimal selection [4])
Assuming that Py is injective on M and that (M, W) < oo,

C .
lu = Aas (w)]| < 2—p(M, W) min [Ju — Aa(w)l],

[ Wl =
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Parameterized PDEs

Offline-online decomposition for dictionary-based multispace

[ e =
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Parameterized PDEs: Framework

¢ Assume affinely parameterized operator equation (e.g. PDEs)

Bu=f with B(¢) =B+ Zg B

with B(@ : U — U’ linear operators.
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Parameterized PDEs: Framework

¢ Assume affinely parameterized operator equation (e.g. PDEs)
B(u=f with B(¢ 0 4+ Zg BW@

with B(@ : U — U’ linear operators.

® Assume uniform control on the singular values of B(¢)

B¢ B(¢
0w o e mn IB@VI _ - IB©0]

<C < oo,
velU o] velU  ||v]|
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Parameterized PDEs: Surrogate distance

® Consider the residual-based distance

S(v. M) = min | B©v - fl. veU
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Parameterized PDEs: Surrogate distance

® Consider the residual-based distance

S(w,M) :=min||B)v—f||, veU
LepP
® S(v, M) is computable by solving a |.s. system with d dofs,
S = min |G —
(v, M) = min | G(v)§ = g(v)]
with

G(v) = (B(l)v | - ] B(d)v> and g(v):=f— By,

E-:f- . Il harcac H’--
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Parameterized PDEs: Offline-online decomposition

e Discrete framework U = RV with large .
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Multi-space Dictionary multi-space Parameterized PDEs
00000 0008000

Parameterized PDEs: Offline-online decomposition

e Discrete framework U = RV with large .

e Offline: Heavy pre-computations independently on w.
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Parameterized PDEs: Offline-online decomposition

e Discrete framework U = RV with large .
e Offline: Heavy pre-computations independently on w.

® Online: Fast computation of A, (w).
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Parameterized PDEs: Offline-online decomposition

® Problem: precomputations for S cost O( d*> K* \')

[ Wl =
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Parameterized PDEs: Offline-online decomposition

® Problem: precomputations for S cost O( d*> K* \')
e Instead, we use a random matrix © € RV to compute

® (v, M) = min[|6(B()v - f)]| = min |G ()¢ - ¢°(v)]

E-:f- . Il harcac H’--
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Parameterized PDEs: Offline-online decomposition

® Problem: precomputations for S cost O( d*> K* \')
e Instead, we use a random matrix © € RV to compute

S%(v, M) = min le(B(&)v - f)ll = min IG® ()¢ — ¢° ()|

Proposition (Derived from [5])

With k = (’)(e_2 (d+ 1og(5—1))), for any v € U, with probability at least
1 — 6 we have

VI—eSw,P) <S8°w,P) <Vi+eS(,P).

a0 W harcac =
== wf U-bwrdb T T
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Parameterized PDEs: Offline

* Write Ay(w) = Ua with a = a(w) € R™™X and U = (W | V).
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Parameterized PDEs: Offline
* Write Ay(w) = Ua with a = a(w) € R™™X and U = (W | V).
e Write the |.s. terms to compute S© as

GO (A (w)) := <@B(1)Ua [ -] @B(d)Ua)
9% (As(w)) :=0f — OB Ua.

E-:f- . Il harcac H’--
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Parameterized PDEs: Offline

* Write Ay(w) = Ua with a = a(w) € R™™X and U = (W | V).

e Write the |.s. terms to compute S© as
GO (Ag(w)) := <@B<1>Ua || @B<d>Ua)
¢°(Aa(w)) := Of — 0B Ua.

e Offline: compute _C_ e R™K and OBWU ¢ RF*(m+K)
~~ ——
O(mKN) O(KN log(N))

E-:f- . Il harcac H’--
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Parameterized PDEs
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Parameterized PDEs: Offline

* Write Ay(w) = Ua with a = a(w) € R™™X and U = (W | V).
e Write the |.s. terms to compute S© as

GO (Ag(w)) := <@B<1>Ua || @B(can)
¢°(Aa(w)) := 6f —0BOUa.
e Offline: compute C € R™K and ©OBWU € R¥*(m+K)
~~ ——
O(mKN) O(KN log(N))

e Total offline cost (without snapshot computation)

O(mKN + dKNlog(N))

a0 W harcac =
== wf U-bwrdb T T
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Parameterized PDEs: Online

e Step 0: Observe w = P, u.
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Parameterized PDEs: Online

e Step 0: Observe w = P, u.

® Step 1: Run LARS to generate O(K) subspaces, costing O(m?K).
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Parameterized PDEs: Online

e Step 0: Observe w = P, u.

® Step 1: Run LARS to generate O(K) subspaces, costing O(m?K).

® Step 2: Prepare the |.s. systems, each costing O(kmd).
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Parameterized PDEs: Online

Step 0: Observe w = Pyu.

Step 1: Run LARS to generate O(K) subspaces, costing O(m?K).

Step 2: Prepare the |.s. systems, each costing O(kmd).

Step 3: Solve them, each costing O(kd?).
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Parameterized PDEs: Online

Step 0: Observe w = Pyu.

Step 1: Run LARS to generate O(K) subspaces, costing O(m?K).

Step 2: Prepare the |.s. systems, each costing O(kmd).

Step 3: Solve them, each costing O(kd?).

Total online cost with k = O(d)

O(m’K+ md’K + &K ).
~—— —— —~—
LARS prepare |l.s.  solve l.s.
E-::-..I'Ill'.l.rnl.: H'__—.

= Twf U-tardb
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Numerical Example
Finite Element space U = Hj (2) embedded with ||V - ||z2(q)
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Numerical: Thermal block

-V. (K;Vu) =1 inQQ,
N ~ 8000 and u= 0 onTlp,
'Li:éi |nQ’La1SZ§97

I'p :
ot T et 1 tof = =
LR SR kY, L] .
T i i [
Q4 Qs Qg -
T A I i
L T B H | | ¥ a L
Q7 QB QSI ]
L T B = |
1 ] . - . i v - “: =1 - ™ - = I
Figure: Left: geometry, with sensors locations (crosses). Middle: Riesz representer
1 . ama IWE
of a sensor. Right: a snapshot. [ {puras W=
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Figure: Evolution of the recovery errors in U-norm, on 500 test snapshots, with

growing dictionary sizes.
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Numerical: Advection diffusion

100
—0.01Au+ V() -Vu= —1g, inQ,
T

N ~ 150 000 and

u= 0 on I'p,
n-Vu= 0 on 'y,
> 1
_ . (@) . (@)
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Best PBDW-POD —— gdic
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Relative error quantiles
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Figure: Evolution of the recovery errors in U-norm, on 500 test snapshots, with
growing dictionary sizes.
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Conclusion and perspectives
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Conclusion

Conclusion

® Dictionary-based approach for state estimation

Perspectives
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Conclusion

® Dictionary-based approach for state estimation

e FEfficient offline-online decomposition.

Perspectives
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Conclusion

Conclusion

® Dictionary-based approach for state estimation
e FEfficient offline-online decomposition.

® Python repo (soon) available
https://github.com/alexandre-pasco/inverse-problems

Perspectives
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Conclusion

Conclusion

® Dictionary-based approach for state estimation
e FEfficient offline-online decomposition.

® Python repo (soon) available
https://github.com/alexandre-pasco/inverse-problems

Perspectives

® Noisy framework ?
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Conclusion

Conclusion

® Dictionary-based approach for state estimation
e FEfficient offline-online decomposition.

® Python repo (soon) available
https://github.com/alexandre-pasco/inverse-problems

Perspectives

® Noisy framework ?

® Bi-dictionary approach ?
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