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u ∈ U the state to recover and ξ ∈ P ⊂ R
d an unknown parameter.

Observations

of m continuous linear measurements
ℓ1(u), · · · , ℓm(u),, i.e. w = PWu

with W := span{RUℓi}mi=1

+++ Prior knowledge

on the solution manifold
M := {u(ξ) : ξ ∈ P} based
model reduction

↓↓↓

Compute a recovery A(w) ≃ u
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One space problem
Linear MOR
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One space: formulation

• Approximate M by a linear subspace V ,

dist(V,M) ≤ ε, dim(V ) = n

• Parameterized-Background Data-Weak (PBDW) [1]:

AV (w) := v∗+η∗, v∗ := argmin
v∈V

∥PW (u−v)∥, η∗ := PW (u−v∗)
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• Approximate M by a linear subspace V ,

dist(V,M) ≤ ε, dim(V ) = n

• Parameterized-Background Data-Weak (PBDW) [1]:

AV (w) := v∗+η∗, v∗ := argmin
v∈V

∥PW (u−v)∥, η∗ := PW (u−v∗)

• Sharp error bound [2]: ∥u−AV (w)∥ ≤ µ(V,W )ε

µ(V,W ) := β(V,W )−1, β(V,W ) := inf
v∈V

sup
w∈W

⟨v, w⟩
∥v∥∥w∥
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One space: Geometry
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One space: Pros and cons

Pros

• Online efficiency O(n3).

• No need to know ε.

• Optimal (worst case sens)
when M is a cylinder
centered in V [2].
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One space: Pros and cons

Pros

• Online efficiency O(n3).

• No need to know ε.

• Optimal (worst case sens)
when M is a cylinder
centered in V [2].

Cons

• Requires n ≤ m.

• Trade-off between ε and µ(V,W ).

• Limited by the Kolmogorov
m-width of M,

ε ≥ dm(M).
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Multi-space problem
Library-based MOR
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Multi-space: library-based MOR

• Consider a library of spaces LN
n := {V1, · · · , VN}

dist
( N⋃

k=1

Vk,M
)

≤ ε, dim(Vk) ≤ n ≤ m.
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dist
( N⋃
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Vk,M
)

≤ ε, dim(Vk) ≤ n ≤ m.

• New benchmark: non-linear Kolmogorov (n,N)-width [3]

dn(M, N) := inf
#LN

n =N
sup
u∈M

min
V ∈LN

n

min
v∈V

∥u− v∥,

which is expected to decay much faster than

dn(M) := inf
dim(V )=n

max
u∈M

min
v∈V

∥u− v∥
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Multi-space: library-based MOR

• Consider a library of spaces LN
n := {V1, · · · , VN}

dist
( N⋃

k=1

Vk,M
)

≤ ε, dim(Vk) ≤ n ≤ m.

• New benchmark: non-linear Kolmogorov (n,N)-width [3]

dn(M, N) := inf
#LN

n =N
sup
u∈M

min
V ∈LN

n

min
v∈V

∥u− v∥,

which is expected to decay much faster than

dn(M) := inf
dim(V )=n

max
u∈M

min
v∈V

∥u− v∥

• Aim for low ε with a low n, thus better stability.
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Multi-space: How ?

Each space V ∈ LN
n gives a one-space esimtate AV (w)...
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Multi-space: How ?

Each space V ∈ LN
n gives a one-space esimtate AV (w)...

How to select V ∗

among this library ?
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Multi-space: Selection

Idea [4]: select the ”closest” to M
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Multi-space: Selection

Idea [4]: select the ”closest” to M

• Assume we have S such that for any v ∈ U ,

c dist(v,M) ≤ S(v,M) ≤ C dist(v,M)

• Select V ∗ as
V ∗ ∈ argmin

V ∈LN
n

S(AV (w),M).
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Multi-space: Selection

Proposition (Near optimal selection [4])

Assuming that PW is injective on M and that µ(M,W ) < ∞,

∥u−Ak∗(w)∥ ≤ 2
C

c
µ(M,W ) min

1≤k≤N
∥u−Ak(w)∥,

µ(M,W ) reflects how well M and W are aligned.
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Dictionary-based multi-space
Dictionary-based MOR
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Dictionary multi-space: Library

• Dictionary of K vectors (or snapshots),

DK = {v(1), · · · , v(K)}
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Dictionary multi-space: Library

• Dictionary of K vectors (or snapshots),

DK = {v(1), · · · , v(K)}

• Take as library LN
m = Lm(DK),

Lm(DK) :=
{ K∑

k=1

xkv
(k) : (xk)

K
k=1 ∈ R

K , ∥x∥0 ≤ m
}

,
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Dictionary multi-space: Library

Lm(DK) is large −→ low ε but not fully explorable.
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Dictionary multi-space: Selection

• Consider the LASSOα problem

x
∗(α) ∈ argmin

x∈RK

1

2
∥Cx−w∥22 + α∥x∥1,

with α > 0, C := (⟨w(i), v(j)⟩) ∈ R
m×K and w := (⟨w(i), u⟩) ∈ R

m.
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with α > 0, C := (⟨w(i), v(j)⟩) ∈ R
m×K and w := (⟨w(i), u⟩) ∈ R

m.

• Use LARSα0
to solve LASSOα0

and generate the recoveries

(
Vα

)

α≥α0

, Vα := span{v(i) : x∗(α)i ̸= 0}.

with the associated recoveries Aα(w) := AVα
(w)
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Dictionary multi-space: Selection

• Consider the LASSOα problem

x
∗(α) ∈ argmin

x∈RK

1

2
∥Cx−w∥22 + α∥x∥1,

with α > 0, C := (⟨w(i), v(j)⟩) ∈ R
m×K and w := (⟨w(i), u⟩) ∈ R

m.

• Use LARSα0
to solve LASSOα0

and generate the recoveries

(
Vα

)

α≥α0

, Vα := span{v(i) : x∗(α)i ̸= 0}.

with the associated recoveries Aα(w) := AVα
(w)

• Use S to select αS among this smaller family.
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Dictionary multi-space: Selection

Proposition (Near optimal selection [4])

Assuming that PW is injective on M and that µ(M,W ) < ∞,

∥u−AαS
(w)∥ ≤ 2

C

c
µ(M,W ) min

α>α0

∥u−Aα(w)∥,
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Parameterized PDEs
Offline-online decomposition for dictionary-based multispace
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Parameterized PDEs: Framework

• Assume affinely parameterized operator equation (e.g. PDEs)

B(ξ)u = f with B(ξ) = B(0) +

mB∑

q=1

ξqB
(q)

with B(q) : U −→ U ′ linear operators.
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Parameterized PDEs: Framework

• Assume affinely parameterized operator equation (e.g. PDEs)

B(ξ)u = f with B(ξ) = B(0) +

mB∑

q=1

ξqB
(q)

with B(q) : U −→ U ′ linear operators.

• Assume uniform control on the singular values of B(ξ)

0 < c ≤ min
v∈U

∥B(ξ)v∥
∥v∥ ≤ max

v∈U

∥B(ξ)v∥
∥v∥ ≤ C < ∞,
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Parameterized PDEs: Surrogate distance

• Consider the residual-based distance

S(v,M) := min
ξ∈P

∥B(ξ)v − f∥, v ∈ U
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Parameterized PDEs: Surrogate distance

• Consider the residual-based distance

S(v,M) := min
ξ∈P

∥B(ξ)v − f∥, v ∈ U

• S(v,M) is computable by solving a l.s. system with d dofs,

S(v,M) := min
ξ∈P

∥G(v)ξ − g(v)∥

with

G(v) :=
(

B(1)v | · · · | B(d)v
)

and g(v) := f −B(0)v.
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Parameterized PDEs: Offline-online decomposition

• Discrete framework U = R
N with large N .
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Parameterized PDEs: Offline-online decomposition

• Discrete framework U = R
N with large N .

• Offline: Heavy pre-computations independently on w.

• Online: Fast computation of AαS
(w).
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Parameterized PDEs: Offline-online decomposition

• Problem: precomputations for S cost O
(
d2 K2 N

)
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Parameterized PDEs: Offline-online decomposition

• Problem: precomputations for S cost O
(
d2 K2 N

)

• Instead, we use a random matrix Θ ∈ R
k×N to compute

SΘ(v,M) := min
ξ∈P

∥Θ
(
B(ξ)v − f

)
∥ = min

ξ∈P
∥GΘ(v)ξ − gΘ(v)∥
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Parameterized PDEs: Offline-online decomposition

• Problem: precomputations for S cost O
(
d2 K2 N

)

• Instead, we use a random matrix Θ ∈ R
k×N to compute

SΘ(v,M) := min
ξ∈P

∥Θ
(
B(ξ)v − f

)
∥ = min

ξ∈P
∥GΘ(v)ξ − gΘ(v)∥

Proposition (Derived from [5])

With k = O
(

ϵ−2
(
d+ log(δ−1)

))

, for any v ∈ U , with probability at least

1− δ we have

√
1− ϵ S(v,P) ≤ SΘ(v,P) ≤

√
1 + ϵ S(v,P).
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Parameterized PDEs: Offline

• Write Aα(w) = Ua with a = a(w) ∈ R
m+K and U =

(
W | V

)
.
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Parameterized PDEs: Offline

• Write Aα(w) = Ua with a = a(w) ∈ R
m+K and U =

(
W | V

)
.

• Write the l.s. terms to compute SΘ as

GΘ(Aα(w)) :=
(

ΘB(1)
Ua | · · · | ΘB(d)

Ua

)

gΘ(Aα(w)) := Θf −ΘB(0)
Ua.

Alexandre PASCO (ECN) Dic-based MOR for state estimation 18/04/2023 23 / 34



Context One space Multi-space Dictionary multi-space Parameterized PDEs Numerical Conclusion

Parameterized PDEs: Offline

• Write Aα(w) = Ua with a = a(w) ∈ R
m+K and U =

(
W | V

)
.

• Write the l.s. terms to compute SΘ as

GΘ(Aα(w)) :=
(

ΘB(1)
Ua | · · · | ΘB(d)

Ua

)

gΘ(Aα(w)) := Θf −ΘB(0)
Ua.

• Offline: compute C
︸︷︷︸

O(mKN )

∈ R
m×K and ΘB(q)

U
︸ ︷︷ ︸

O(KN log(N ))

∈ R
k×(m+K)
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Parameterized PDEs: Offline

• Write Aα(w) = Ua with a = a(w) ∈ R
m+K and U =

(
W | V

)
.

• Write the l.s. terms to compute SΘ as

GΘ(Aα(w)) :=
(

ΘB(1)
Ua | · · · | ΘB(d)

Ua

)

gΘ(Aα(w)) := Θf −ΘB(0)
Ua.

• Offline: compute C
︸︷︷︸

O(mKN )

∈ R
m×K and ΘB(q)

U
︸ ︷︷ ︸

O(KN log(N ))

∈ R
k×(m+K)

• Total offline cost (without snapshot computation)

O(mKN + dKN log(N ))
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Parameterized PDEs: Online

• Step 0: Observe w = Pwu.
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Parameterized PDEs: Online

• Step 0: Observe w = Pwu.

• Step 1: Run LARS to generate O(K) subspaces, costing O(m2K).

• Step 2: Prepare the l.s. systems, each costing O(kmd).

• Step 3: Solve them, each costing O(kd2).

• Total online cost with k = O(d)

O
(
m2K
︸ ︷︷ ︸

LARS

+ md2K
︸ ︷︷ ︸

prepare l.s.

+ d3K
︸︷︷︸

solve l.s.

)
.
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Numerical Example
Finite Element space U = H1

ΓD
(Ω) embedded with ∥∇ · ∥L2(Ω)
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Numerical: Thermal block

N ∼ 8 000 and







−∇ ·
(
κ∇u

)
= 1 in Ω,

u = 0 on ΓD,

κ = ξi in Ωi, 1 ≤ i ≤ 9,

1

1

Ω1 Ω2 Ω3

Ω4 Ω5 Ω6

Ω7 Ω8 Ω9

ΓD

Figure: Left: geometry, with sensors locations (crosses). Middle: Riesz representer
of a sensor. Right: a snapshot.
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Numerical: Thermal block
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Figure: Evolution of the recovery errors in U -norm, on 500 test snapshots, with
growing dictionary sizes.
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Numerical: Advection diffusion

N ∼ 150 000 and







−0.01∆u+ V(ξ) · ∇u =
100

π
1ΩS

in Ω,

u = 0 on ΓD,

n · ∇u = 0 on ΓN ,

V(ξ) =
5∑

i=1

1

∥x− x(i)∥
(

ξier(x
(i)) + ξi+5eθ(x

(i))
)

Ω

ΩS

ΓD

ΓN
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Numerical: Advection diffusion
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Figure: Evolution of the recovery errors in U -norm, on 500 test snapshots, with
growing dictionary sizes.
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Conclusion

• Dictionary-based approach for state estimation

• Efficient offline-online decomposition.

• Python repo (soon) available
https://github.com/alexandre-pasco/inverse-problems

Perspectives

• Noisy framework ?

• Bi-dictionary approach ?
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Thank you !
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