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Introduction

® Goal : Approximate u : R? — R € C* with d > 1, i.e. minimize
E(a) :==E [(u(X) - a(X))?]

where X has probability density zix.
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Introduction

® Goal : Approximate u : R? — R € C! with d > 1, i.e. minimize
E(a) :==E [(u(X) - a(X))?]

where X has probability density zix.
® Given : Few costly point evaluations

(:c(i), u(z), Vu(:c(i))>

1<i<ng
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® For a given g, the best profile map is
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where Z := g(X) € R™. Problem : not computable.
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Introduction

® For a given g, the best profile map is
fo(2) = E [u(X)|Z = 2],
where Z := g(X) € R™. Problem : not computable.
® |n practice : learn f* via regression,
f*:=argminE [(u(X) - f(Z))Z}

ferF

® One can also consider gradient enhanced regression.
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Measuring the quality of g



The class G,,

e [Constantine et al., 2014] Linear g(x) = ATz with A € R™™,
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e [Constantine et al., 2014] Linear g(x) = ATz with A € R™™,

® [Bigoni et al., 2022] Linear in features g(z) = GT¢(z) with
¢ : R = RX and & € REX™ with K > d.

e [Verdiere et al., 2023] Diffeomorphism-based
g(x) = (1(x), -+, Ym(x))T where ¢ : R — R? is a
diffeomorphism.
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is a riemannian submanifold of R

8/26



Poincaré Inequality

® Assuming that a.s. J,(X) has rank m a.s., then M, := g7 !(2)
is a riemannian submanifold of R
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If C. < oo we say that px|z—. satisfies a Poincaré Inequality.
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Poincaré Inequality

® Assuming that a.s. J,(X) has rank m a.s., then M, := g7 !(2)
is a riemannian submanifold of R

e Let C, the smallest constant such that for any h € C*(M.,R)
with mean 0,

E [W(X)?|Z = 2] < C.E [|VA(X)|2|Z = 2] .

If C. < oo we say that px|z—. satisfies a Poincaré Inequality.

® Take h = (u— fy0g)jm., it is C', has mean 0 and for z € M.,

IVA@)I1* = IVu@)[* = [| Pogansz o V(@)
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Poincaré-based upper-bound

For g € G,, define
I(9) = E [[Vu(X)|2] = E [ Papansz ) Vu(X)I1

(1) Assume rank(J,(X)) =m a.s., for all g € G,,,.
(2) Assume C(G,,) < oo where

C(Gn) := sup sup Cy.

9€Gm Z
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Poincaré-based upper-bound

For g € G,, define
T(9) = E [IVu(X)[*] = E ||l Prpansz i) Vu(X) ]

(1) Assume rank(J,(X)) =m a.s., for all g € G,,,.
(2) Assume C(G,,) < oo where

C(Gn) := sup sup Cy.

9€Gm Z

Proposition ([Bigoni et al., 2022])
Under assumptions (1) and (2), it holds

min_E [(u(X) — f o g(X))*] <C(Gm)T(9)

[ Rm—R
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The Poincaré Constant

Caveats:

® For general classes G,,, bounding C'(G,,) is an open problem.

® Worse : if g7(2) is not connected then C, = oo.
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The Poincaré Constant

Caveats:

® For general classes G,,, bounding C'(G,,) is an open problem.

® Worse : if g7(2) is not connected then C, = oo.
Hopes:

® More assumptions on u for better Poincaré-like bounds ?

® Numerical experiments have shown good performances.
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The class G,,

e [Constantine et al., 2014] Linear g(z) = ATz with A € R¥>™,

+ Known bounds on C(G,,) for some classical px.
+ Easy to minimize 7, i.e. to find the best A.
— Restricted class.
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+ Known bounds on C(G,,) for some classical px.
+ Easy to minimize 7, i.e. to find the best A.
— Restricted class.

® [Bigoni et al., 2022] Linear in features g(z) = GT¢(z) with
¢ :RY — RE and G € REX™ with K > d.
+ Learning G is more reasonable.
- Cannot say much on C,.

e [Verdiere et al., 2023] Diffeomorphism-based
g9(x) = (1(x), -+, ¥m(x))" where ¥ : R? — R is a
diffeomorphism .

+ Allow penalization for better control on C,.
— Learning ¥ can be difficult.
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Learning G when g = G1 ¢



® For a given ¢ : R? — R with K > d, minimizing the Poincaré
bound means tackling

min J (GTqb).
GeRKxm
constrains(G)
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® For a given ¢ : R? — R with K > d, minimizing the Poincaré
bound means tackling

min ~ J(GT9).
GeRKxm
constrains(G)

e [Bigoni et al., 2022] Use a quasi-Newton method and go greedy
on polynomial degree for ¢.

® Questions :

- "Simpler" way of building a good G 7 Eigen value problem !
- Other approach to build ¢ ? Structured approach !
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Learning G: Geometric interpretation

What if u = f o G and m = 17

for some ¢ : R? — RX | some G € RE*™
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Learning G: Geometric interpretation
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Learning G: Geometric interpretation

L= r-{?i:p
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Learning G: eigen value problem

® Assume m = 1 and define

L(g) =E [[Vul*|Vg — PpanvuVal*]
=G"HG

where

H =E [|Vul]’JsJ] — JsVuVu"J]] € RF*K
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Learning G: eigen value problem

® Assume m = 1 and define

L(g) == E [||Vu|]*[[Vg = PepanvuVygl?]
=GTHG

where
H =E [|Vul]’JsJ] — JsVuVu"J]] € RF*K
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Learning G: another eigen value problem

® Assume m = 1 and define
J(9) =1 = E [|[Vul*[| Ppanvu V] /E [[[Vull®[[Vg]]*]
=1-G"H,G/GTH,G
where
H, =E [J,VuvuJ] and Hy =E [|Vul?J,J7]
° Ifm=1then L(g9) =0 < J(g9) =0.

— Minimizing J means solving a generalized eigen-value problem !

— Problems :

- No realistic bound J(g) < a7 (g) for all g € Gyp,.
- If K gets too large ? Add structure !
- If m>17 Add structure !
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o Consider S = (X1,--+,Xp), T = (Xp1, -, Xg) and

9(X) = (9:1(5), 92(T)) € R™ ™2,
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Structured approach

o Consider S = (X1,--+,Xp), T = (Xp1, -, Xg) and

9(X) = (9:1(5), 92(T)) € R™ ™2,

® Then g; and g5 can be learnt separately by writing

T(9) = E [IVsu(X) 12 = | Prpansg; (5)Vstu(X) ]
+E [IVru(OIP = | Pyansg e Vou(X) 2] ()

J(9) = I ((g1,1dr)) + T ((ids, g2))

e Consider §(X) = g5(q1(5), g2(T")) and learn g3 minimizing J(g).
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Structured approach
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Structured approach

Crﬂmpo;é Hﬂﬂmll /V & I_Luﬂ?'r’"l[{
|

jﬂx} - z_n}: :;;..mf{a\.r; @ 2, ]

7 ™

Z:tlcindzez))  Z;4(6(Z02.])

P 2N

a;%rm ET‘#‘HI,] E.-.F i) 2Z:hik)
!
X# >< i XB X

l.|

18/26



Structured approach

+ Several low-dim problems instead of one high-dim problem.

+ Better learning than Neural Nets while more expressive than
Tensor Nets.

+ Under assumptions we can use the eig. val. formulation to learn
Gy € REv™ and Gy € RE2X™2 where my, my > 1.
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Structured approach

+ Several low-dim problems instead of one high-dim problem.

+ Better learning than Neural Nets while more expressive than
Tensor Nets.

+ Under assumptions we can use the eig. val. formulation to learn
Gy € REv™ and Gy € RE2X™2 where my, my > 1.

- Good choice for the structure and for ¢; 7

- There is still f to learn...
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® Nonlinear dimension reduction method
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Conclusion and Perspectives

® Nonlinear dimension reduction method

® Structured way of building the feature map

— Investigate min J VS min J and argmin 7 VS argmin J
— Optimal sampling in this framework.
— Find conditions on G, ¢ and w so that a Poincaré-like Inequality holds.

— Investigate challenging wu, i.e. poorly approximated by TN and poorly
learnt by NN.

20/26



Thank you !



Numerical experiments



Numerical experiments

vt Ak d-E - Lerpres el rnl 3 avavarms iz daw 2 Lar seTpda

N e ]

e L]

fan 1\

(S5 B L]
\

A

i

EN LR

-1

-1LS —l e —as s L v i

LA

di
"
]

L]
u(x) = sin(2x||z||?), d=8

29 train samples

21/26



0
et}
c
()
S
—
()
o
X
()
“©
O
-
()
£
>
=

o 1da

ERLE LA TN SR Y N R B RO ]

T

—
—
— a
p—
1|imu-
e —
T i L
i o o
- Al PP S
T
ane —
_r =
£ B
R R e
oo Ao - 5 1 &

d=38

sin(2r sin(27|z[|?)),

u(x)

29 train samples

22/26



Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Numerical experiments
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