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Introduction

® Goal : Approximate u : R — R € C! with d > 1, i.e. minimize
£(a) = E [(u(X) - a(X))’]

where X has probability density ux.
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Introduction

® Goal : Approximate u : R — R € C! with d > 1, i.e. minimize
£(a) = E [(u(X) - a(X))’]

where X has probability density ux.
® Given : Few costly point evaluations

(x@, u(x®), vu(x@))

1<i<ng
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® Approximation of the form & = fog.

e Step 1 : Learn a feature map g € G,, C C*(R% R™) with m < d, for
some chosen tractable function class G,,.

® Step 2 : Learn a profile map f: R™ — R.
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Introduction

® For a given g, the best profile map is
o) = E [u(X)|Z = 2]
where Z := g(X) € R™. Problem : not computable.
® |n practice : learn f* via regression,
inf E [(u(X) — f(Z))?]

fer

® QOne can also consider gradient enhanced regression.
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® Measuring the quality of ¢
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Linear g(x) = GTx with G € R¥*™,
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¢ [Constantine et al., 2014]
Linear g(x) = GTx with G € R¥*™,

e [Bigoni et al., 2022, Romor et al., 2022]
Vector space g(x) = GT®(x) with & : R? — R and G € RE*™
with K > d.

e [Verdiere et al., 2023, Zhang et al., 2019]
Diffeomorphism-based g(x) = (¥1(x), -+ , ¥m(x))T where
¥ : R — R% is a diffeomorphism.
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Insight for Linear features
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Insight for Nonlinear features
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Poincaré Inequality

® Assuming Vg(x) has rank m for any x € X, then M, := g~ 1({z}) is
a smooth submanifold of R
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® Assuming Vg(x) has rank m for any x € X, then M, := g~ 1({z}) is
a smooth submanifold of R

e Let Cz the smallest constant such that for any h € C*(Mz,R) with
mean 0,

E [h(X)?Z = 2] < C4E [|Vh(X)[3]Z = 2] .

If Cz < oo we say that ux|z—, satisfies a Poincaré Inequality.
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Poincaré Inequality

® Assuming Vg(x) has rank m for any x € X, then M, := g~ 1({z}) is
a smooth submanifold of R

e Let Cz the smallest constant such that for any h € C*(Mz,R) with
mean 0,

E [h(X)?Z = 2] < C4E [|Vh(X)[3]Z = 2] .

If Cz < oo we say that ux|z—, satisfies a Poincaré Inequality.

® Apply to h = (u — fy 0 g)am, for x € My,

IV 13 = Mg 0 Va(x)[13 = [[Vu(x)|3 — [Myge Va(x)|3
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Poincaré-based upper-bound

For g € G,, define
I(9) = E | I ) Vu(X) 3]

(1) Assume rank(Vg(x)) = m for all x € X and all g € G,,.
(2) Assume C'(X|G,) < 0o where

C(px|Gm) := sup sup Cy.
9€Gm z€g(X)
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Poincaré-based upper-bound

For g € G,, define
T(9) = E [T, Vu(X) 3]

(1) Assume rank(Vg(x)) = m for all x € X and all g € G,,.
(2) Assume C'(X|G,) < 0o where

C(px|Gm) := sup sup Cy.
9€Gm z€g(X)

Proposition ([Bigoni et al., 2022])
Under assumptions (1) and (2), it holds

min E [(u(X) = fog(X))?] < C(ux|Gm)T(g)
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Insight for Poincaré Inequalities
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The Poincaré Constant

Caveats:

® For general classes G,,, bounding C(ux|G,) is an open problem.

® Worse : if g 1({z}) is not connected then C, = cc.
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The Poincaré Constant

Caveats:

® For general classes G,,, bounding C(ux|G,) is an open problem.

® Worse : if g 1({z}) is not connected then C, = cc.
Hopes:

® Poincaré-like bounds are pessimistic.

® Numerical experiments have shown good performances.
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The function J

® Recall that

J(g) = E [|Vu(X)[3] - E [Ty Vu(X)|3]
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The function J

® Recall that
J(9) = E [[IVu(X)3] — E [|[Tyyx) Va(X)]I3]
e Invariance: J (¢ o g) = J(g) for any diffeomorphism ¢ : R™ — R™.

® For g(x) = GTx with GG = I,,, Hyex) = GGT, minimize J(GT)
by taking the m largest eigenvectors of E [Vu(X)Vu(X)7].

® For g(x) = GT®(x) with fixed ® : RY — RE,
Iy,x) = VO(X)G(GTVE(X)'VE(X)G)'GTVe(X)T,

thus J is not convex anymore and no explicit minimizer is known.
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® Linear g(x) = GTx with G € R¥>™,
+ Known bounds on C(ux|G,y,) for some classical px.
-+ Easy to minimize 7, i.e. to find the best G.
— Restricted class.
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® Linear g(x) = GTx with G € R¥>™,
+ Known bounds on C(ux|G,y,) for some classical px.
-+ Easy to minimize 7, i.e. to find the best G.
— Restricted class.

® Vector space g(x) = GT®(x) with & : R? — RE and G € RE*™
with K > d.
+ Learning G is more reasonable (J non-convex but G,, convex).
- Cannot say much on C.

e Diffeomorphism-based g(x) = (¥1(x), -+ ,¥m(x))? where
Y : R — R is a diffeomorphism .
-+ Allow penalization for better control on C,.
— Learning 1 can be difficult (J non-convex and G,,, non-convex).
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Measuring the quality of g
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Measuring the quality of g
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Surrogate one feature: definition

® The loss function J now writes

T4, 2
70 = [Ivueo - CEE ]
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= | g [Vl 00 Vo X1

Quadratic wrt g
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Surrogate one feature: definition

® The loss function J now writes

e [z - (V9 Vu(X))?
760 = [iwuo - AT ]
1
=B | o [T I v VI Iz
L Quadratlc wrt g

e Controlling ||Vg(X)]|3 allows to control [7(g) by a quadratic
surrogate,
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Surrogate one feature: definition

® The loss function J now writes

o W(X)12 (Vg(X)"Vu(X))?
;7(9) =K —Hv (X)HQ ”VQ(X)H% :|
1
=B | o [T I v VI Iz
L Quadratlc wrt g

e Controlling ||Vg(X)]|3 allows to control [7(g) by a quadratic
surrogate,

£1(9) = E [ [Vu(X) BIT1%,,x) Vo(X) 3] -

® Problem : control should be uniform on G;.
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Surrogate one feature: Uniform control

¢ Uniformly bi-Lipschitz (ideal setting), i.e
Vge G, 0<c<|Vg(X)|3<C <+
+ Possible when : linear or diffeomorphism-based.

— Not possible when : vector space of dimension K > d.
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Surrogate one feature: Uniform control

¢ Uniformly bi-Lipschitz (ideal setting), i.e

Yge G, 0<c<|VgX)|3<C <40
+ Possible when : linear or diffeomorphism-based.
— Not possible when : vector space of dimension K > d.
e Deviation inequalities, i.e rate of convergence of

vgeGi, B[IVeX)ll; < 87 P[IIVeX)[3 = 8] -——

Small deviations Large deviations

+ Possible when : x — || Vg(x)||3 satisfies a type of Remez inequality.
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Surrogate one feature: Deviation inequalities

Consider h : R — R. Assume that

For s € [—00, 0], still holds but slower decay for large deviations.
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(2) For any bounded line J C R? and any measurable I C J,

AplJ]\ &
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Surrogate one feature: Deviation inequalities

Consider h : R — R. Assume that

(1) X has s-concave, s € (0,1/d], proba law (implies compactly
supported on a convex set).

(2) For any bounded line J C R? and any measurable I C J,

AplJ]\ &
sup [h(x)| < ( 0 ') " sup |h(x)|,
xcJ |I| xel

e.g. Ay =4 and kj, = k for polynomial with total degree < k.

Proposition (Direct consequence of [Fradelizi, 2009])
Under (1) and (2) and for some ny,, it holds for all 5 > 0,

P[InX) <87 S8, PMX) 287" S lp<n-

For s € [—00, 0], still holds but slower decay for large deviations.
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Surrogate one feature: Suboptimality result

® |f G; contains only non-constant polynomials of total degree at most
£ + 1, then the previous deviations inequalities hold uniformly on G;
with K = 2¢ and A = 4.

Similar results hold for s € [—00, 0].
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Surrogate one feature: Suboptimality result

e |f Gy contains only non-constant polynomials of total degree at most
£ + 1, then the previous deviations inequalities hold uniformly on G;
with K = 2¢ and A = 4.

Proposition
Under (1), with G, as above, it holds

Vge G, mLi(g) <T(g) < 7251(9)ﬁ;

for some 0 < ~y1,7v9 < +00. In particular, for some 0 < 3 < +00,

J(g") < Vzigfjflﬂ
1

Similar results hold for s € [—00, 0].
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Surrogate one feature: Vector space

e For assumptions to hold, we consider a sym pd R € REXK

Gi = {g cx — GTo(x): G e RE,GTRG = 1},
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Surrogate one feature: Vector space

e For assumptions to hold, we consider a sym pd R € REXK
Gi = {g cx s GTo(x) : G € RX,GTRG = 1},
e [Bigoni et al., 2022] Invariance property of J implies

inf = inf
gEspan{1<II>11,--- P} j(g) glélg1 j(g)

min £;(g) = min GTHG,
g€g1 GeRK
GTRG=1

where H := HY — H®? ¢ REXK s sym psd and

g
H®

E [|Vu(X)[3Ve(X)"Ve(X)]
E [VO(X)"Vu(X)Vu(X)'VE(X)] .
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Surrogates multiple features: Quick overview

® With similar reasoning, we define for 1 < j <m,

Limi(9) = E [[lvgs (K)BIT, | 00Ty, x) V95 (X))

with v, j(x) := Hégij(x)Vu(x).

vg,5 (X
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quadratic surrogate to b — J((9—j, h)).
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Surrogates multiple features: Quick overview

® With similar reasoning, we define for 1 < j < m,

Ling(9) = E 05 (KB |00 T 00 Vo (XN

with v, j(x) := Hégij(x)Vu(x).

® For fixed g_j : R — R™~1, we use h + L, j((9—j,h)) as a
quadratic surrogate to b — J((9—j, h)).

® Now need deviation inequalities on x HHégij(x)ng(x)H%.

Proposition

Assume the law of X is s-concave with s € (0,1/d]. Assume G, is a
compact set of polynomial with total degree at most ¢ + 1 with full rank
gradients a.s. For a fixed g_j, it holds

ML i (9-5: 1)) < T((9-5, 1)) < V2Lom (g5, ) 7720
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Numerical experiments

Settings

® Feature: Tensorized polynomial basis ®(x) = (¢a(X))aca, , With

d
da(x) =[] 04, (20), Apr = {a e N:|laf, < k}\ {0},

where (k,p) are hyperparameters learnt by 5-fold cross-validation.
® Regression: Kernel regression with gaussian kernel and Ridge

regularization, whose hyperparameters are learnt by 10-fold
cross-validation.
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Numerical experiments: one feature
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Numerical experiments: one feature
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Left plots : train and test estimations of J(g)/|lu|| 2.
Right plots : train and test estimations of ||[u — f o g2 /|lu| 2.
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Numerical experiments: multiple features
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Numerical experiments: multiple features

F(9)2/ Jullux T(9)'? ] |lull &)/ llullz2 eg(f)/ lullez

1
10 107 100

1077

102

3 i s

50 75 100 125150 250 sod” 50 75 100 125150 250 500 50
Training sample size N'7*" Training sample size N'7o" Trai

jo

) = exp(= Zsm )es@)y X~ U(] —

50%, 90% and 100% quantiles over 20 realizations.
Left plots : train and test estimations of 7 (g)/|lu| 2.
Right plots : train and test estimations of ||u — f o g|z2/||u| z2-

27/30



® Conclusion and Perspectives

27/30



Conclusion and Perspectives

® Quadratic surrogates with controlled suboptimality
® Works well for m = 1, more mitigated for m > 1.
® Preprint available https://arxiv.org/abs/2505.01807

® Implementation and tutorials at https://github.com/
alexandre-pasco/tensap/tree/poincare_learning
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Conclusion and Perspectives

Quadratic surrogates with controlled suboptimality
Works well for m = 1, more mitigated for m > 1.
Preprint available https://arxiv.org/abs/2505.01807

Implementation and tutorials at https://github.com/
alexandre-pasco/tensap/tree/poincare_learning

Structured approach in a Tensor-Network fashion.
Optimal sampling for g.

Optimal sampling for f, oblivious to g.
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Thank you !
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