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Random sketching for matrices

Goal. Sketch high-dimensional matrices X accessible only via matrix-vector products.

OSE in Frobenius norm. A random linear © : R™*" — R* is a (g, d, d) oblivious subspace
embedding (OSE) if for any d-dim subspace Z C R™*",

Pe VX € Z, (1—¢)[IX[p < [OX)[; < (1 +e)|X]|[F] =10

Structured sketch for matrices. Consider random sketching matrices I', €2 and 32,
O(X) ;= Ivec(QXXE!) with T, Q, X random matrices.

Computed right-to-left using ks matrix-vector products on X. Example: structured ran-
dom €2 and I' and Gaussian ..
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OSE result for ®

Let ¥ € R*=*" with i.i.d. N(0, ks') entries. Let © € R**" be a (/4,4 /(3ks), d)-OSE.
Let I' € RF*Fshe bhe a (¢/4,6/3, d)-OSE. Assume that X, Q and I' are independent. If

ks, > 168 2(6.9d + log(6/4)),
then © is a (¢, 9, d)-OSE.

Sketch of proof: first Hanson-Wright inequality on || XX |%., then union-bound argument
on the columns of X3! finally propagate error at each sketching step.

See 2] for extension with arbitrary OSE for 3, control in Hilbert-Schmidt norm and ma-
trices with complex entries.

Comparison with Khatri Rao embedding. The KR embedding,
@KR(X) — dlag(QXET) — (ijSi)lgigk
is an OSE when © and ¥ are Gaussian with & = O(d*?) rows [3]. KR is better suited

when only vector-matrix-vector is available.

Discrepancy measures for preconditioners

Setting. Approximation of the solution u € R" of a large ill-conditioned linear system,
Au=Db, AeceR" beR"

by a (preconditioned) Galerkin projection u, in a fixed r < n dimensional subspace
U, C R" spanned by the orthonormal columns of U, € R"*",

u, = U,a, where (U!PAU,)a,=U'Pb and P ¢ R"™".

Following 4], P is a linear combination of implicit Y; € R"*", solution to

p p
P=) Y, with ¢*€argmin|[I-) YAl (1)
i=1 ceR” i=1
Galerkin sub-optimality. The seminorm || - || = ||IIy - ||2 is enough,

lu—w ] < (1—[T—PA[)"[u—Tyul.

Residual norm. For v € U, D U, with r < m < n, if |[u — Iy ul|s < 7|ju — v||; for

some 7 € [0,1), then || - || = ||IIy_ - ||2 is enough,
II; P(Av—Db
V1—72—(1+7)|I-PA| < 11y, P(AV = b)) <14+ ({1+7)||I—-PA]|.
lu = v},
Sketched Frobenius norms. Solving (1) is challenging when || - || is an operator norm. Re-

placing with Frobenius norms yields a 1.s. problem of size R""*? and is equivalent up to a
factor m. Replacing again with sketched Frobenius norms is equivalent up to an additional
factor O(1 + €) with probability at least 1 — §, and reduces (1) to

min ||h — We|2, W:=(0O(Y;A),---,0(Y,A)) e R"?  h:=O(I).

CERP

Computing O(Y;A) costs O(k) = O(e?(p + log(1/4))) matrix-vector with Y;A.

Parameter dependent problem

For parameter separable problems we take parameter separable P,
A€) =) OMOA), b =) (&b, P
J=1 j=1

Then the columns of W (&) are also parameter separable with ma terms. Offline cost:
min(k, m) left matrix-vector products for each Yy,---,Y,. Online cost: assemble and
solve the sketched least-squares, O(kp(p + ma)).

Numerics: acoustic invisibility cloak

Problem setting
An acoustic wave scattering in 2D with a perfect scatterer cov-
ered in an invisibility cloak composed of layers of homogeneous

degrees of freedom.
isotropic materials [1] is used as illustration. The parameters

are the frequency, the density p; and the bulk modulus b; of 10 Reduced spaces .
liquid metal layers, gathered in a parameter £ € R*!. U. and U, are the first r = 50 and Plest the error to the solution, the sub-
m = 250 randomized POD modes from

Discretization with piecewise quadratic Results wl T M — By,
FEM, resulting in around 4 - 10° complex ”
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Conclusion

Take-away:
e Sketched-and-solve in subspace of R"*".

e Adapt the norm to purpose of P.
e Implementation available at nttps://github.
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Perspectives:

e Runtime comparisons.

e Sketch for low-rank tensor formats.
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